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Abstract
A shorter proof for an explicit formula for discrete logarithms in ﬁnite ﬁelds is given.
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Let Fqbe the ﬁnite ﬁeld with q elements, where q is a power of a prime p and let  be a generator of Fq . For a ∈ F∗q ,
let a =y , where y is an integer and 1yq −1, then write y = log a and call y the discrete logarithm of a to the base
. The discrete logarithm in ﬁnite ﬁelds has interesting applications in crytography. There is an explicit formula (1) for
discrete logarithms established by Mullen and White [2]. A short proof of it for q3 is provided by Niederreiter [3]
and reproduced in Menezes [1]. Now a shorter proof for all q is given below.
Theorem. Let Fq be the ﬁnite ﬁeld with q elements, where q is a power of a prime p and let  be a generator of Fq .
For a ∈ F∗q , let a = y , where y is an integer and 1yq − 1, then
y ≡ −1 +
q−2∑
i=1
ai
−i − 1 (modp). (1)
Proof. When q=2, we have =1, a=1, y=1 and∑q−2i=1 is an empty summation. By convention
∑q−2
i=1 ai/(−i−1)=0.
Therefore (1) holds. Now we assume q > 2. Then
q−2∑
i=1
ai
−i − 1 =
q−2∑
i=1
yi
−i − 1 =
q−2∑
i=1
(y+1)i
1 − i = −
q−2∑
i=1
1 − (y+1)i
1 − i +
q−2∑
i=1
1
1 − i (2)
= −
q−2∑
i=1
(1 + i + 2i + · · · + yi) +
q−2∑
i=1
1
1 − i . (3)
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For any j, 1jy,
q−2∑
i=1
ji = 1 − 
j (q−1)
1 − j − 1 = −1.
We also have
q−2∑
i=1
1
1 − i =
∑
∈Fq,=0,1
1

=
∑
∈Fq,=0,1
 = −1.
Therefore
q−2∑
i=1
ai
−i − 1 = −(q − 2) − y(−1) − 1 ≡ y + 1 (mod p).
Transposing, we get (1). 
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